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ABSTRACT: 

N = 1 supersymmetric gauge theories with global flavor symmetries contain a 
gauge invariant W-superalgebra which acts on its moduli space of gauge invariants. 
With adjoint matter, this superalgebra reduces to a graded Lie algebra. When the 
gauge group is SO{nc), with vector matter, it is a W-algebra, and the primary 
invariants form one of its representation. The same superalgebra exists in the dual 
theory, but its construction in terms of the dual fields suggests that duality may 
be understood in terms of a charge conjugation within the algebra. We extend the 
analysis to the gauge group Eq. 



Consider a. N = 1 supersymmetric gauge theory with a simple gauge group Q and n y 
chiral superfields transforming as the r representation of Q, expressed in terms of the gauge 
spinor supermultiplet W¿f , and the chiral matter superfields Z'^, where A is the adjoint 
Índex of the gauge group, and r is that of the r representation. The index a = 1,2 . . .nj 
spans the flavors, and a is the Weyl index of the Lorentz group. 

With no superpotential, this theory is invariant under a global group SU (nj) xU 
where R is the non-anomalous i?-symmetry. The gauge superfield has i? = 1 by convention, 
while the R valué of the chiral superfields, determined by requiring the absence of the mixed 
RQQ anomaly, reads 

R(^Z) = 1 - ^ — 

where is the Dynkin index of the adjoint representation, that of the matter. This 
theory has global anomalies. The total R anomaly (mixed gravitational anomaly) is inde- 
pendent of the number of flavors 

< R >= —{dj^Cf — Cj^dr) , 
Cr 

where dy^ j. is the dimensión of the adjoint (matter) representation. In terms of dr = ^dr , 
the other global R-anomalies are given by 

< R^ >= dA - ; < RSUiuff >= . 

[drnjY •' Uf 

Finally the SU{nf) anomaly is just the dimensión of the matter representation, 

< SU(nff >= dr . 

They are not all independent since 

<R'>-<R>+nf< RSUiuff > (1 - [-^s^f^. 

One can form an infinite number of gauge invariant holomorphic polynomials out of the 
W and Z fields, but they are not all independent. The independent invariants span a finite 

2 




dimensional space. In a supersymmetric theory, it is a superpace, where the bosons contain 
an even number of VF's, and the fermions an odd-number. These invariants transform 
covariantly under the global symmetry SU{nf) represented by the traceless part of the 
operators 

d 

suitably summed over the gaiigc index to make it gauge invariant. The trace part genérate 
a Í7(l) symmetry. Similar ly the left-handed SU (2)]^ Lorentz group is generated by the 
traceless part of 

Its trace part generates another U{1). Only one linear combination of these Í7(l)s is 
non-anomalous. Let us introduce the gauge-invariant fermionic operators 

where C is the appropriate Clebsch-Gordan coeflBcient to make an invariant, so that the 
adjoint is contained in the p-fold product of the matter representation. Its conjúgate is 
given by 

- ^ r^n-rpryri ^rp 
^av-üp - Q-^yA^A ^ai ' ' ' ^«p • 

Their anticommutator is generally complicated. Since the W are fermion operators, the 

number of such operators that appear by the use of further commutators is finite; in this 

sense these are like W-algebras. For any gauge group, we can build one representation of 

this algebra, since the polynomial 

which enters in the Lagrangian density always exists. It is annihilated by the lowering 
operator Q, but by acting on it with the raising ladder operator Q, we genérate the 
invariant fermion 

Fa ai-üp = W^C^ ■■■Zal ■ 
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A further application generates the boson invariant 

^av-apbvbp - ^A "^ai ' ' ' ^üp^^^ ' ' ' ^f^^ ■ 

Its structure depends on the gauge group. This algébrale structure may be enlarged con- 
siderably by gauge invariant differential operators of order p — k, containing k chiral matter 
fields. 

For a special range of the number of flavors, Seiberg[l] has shown these theories to 
be quantum equivalent to similar theories with different gauge groups, but with the same 
global symmetries and anomalies. In particular, they must have the same W-superalgebras, 
realized in terms of the fields in the dual theory. They corresponds to inequivalent con- 
structions of the superalgebra, which might shed some light on the nature of duality. 

An infrared fixed point[2] is suggested by the renormalization group flow. The general 
expression for the /3-function is 

3cA-nfCr + nfCr-f{g'^) 



P = 



where 7 is the anomalous dimensión, given to lowest order by 



9^ dA ^ 

If the sign of the two-loop beta function is opposite that of the one-loop, there exists the 
possibility of an infrared fixed point at which the theory is superconformal invariant, and 
the anomalous dimensión is given by 

1 Q ^A 
7* = 1 - 3- 



CrUf 

Superconformal invariance requires that the dimensions are bounded by the R valué of 
the operators D > 3|i?|/2, with the bound saturated by primary operators. Let us now 
examine several examples, corresponding to the different valúes of p. 
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• p = 1. In this case, the matter content is just Uf matter superfields transforming as the 
adjoint representation. The theory is asymptotically free as long as nj < 2. In this simple 
case, the ladder operators are hnear, and simply given by 

Their anticommutator is 



{Qa, Qb} = ^aT,"" + 5,-s£ + 5£5,%\S + ^T) , 



where 



rp b _ La 

Q^A ri/"-' 

genérate the Lie algebra SU{nf) 
with one U{1) generated by 



Similarly, the generators of the left-handed Lorentz algebra SU (2)¿ are 



where S generates a Í7(l), 



summing over the spinor Índices. These are not unitary, as they act only on the analytic 
invariants. Note that only one combination of the two t^(l)s appears in the anticommu- 
tator; it corresponds to that with a vanishing supertrace. These operators generates a 
well-known graded Lie algebra, SU{2/n^) in Kác's classification. In general the U{1) that 
appears in the algebra is not the same as the non-anomalous U{l)¡i of the gauge theory. 
However, for nj = 3, the two coincide. At that point, the /?-function vanishes, and the 
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theory may be understood in terms of the N = 4: supersymmetric gauge theory[3]. For 
three flavors, there can be a superpotential cubic in the three matter fields, using the 
structure functions of the gauge group, and the Levi-Civitá symbol for the flavor SU (3). 

Their simplest representation contains {WW,W Z,ZZ), which hnks the gauge kinetic 
term to the "mesón" of the theory. One can genérate other higher dimensional represen- 
tations by acting on the order-N invariants of the algebra, {Z)^ . There are as many as 
the rank of the gauge group. It is interesting that the graded Lie algebra contains no 
Information on the nature of the underlying gauge group. Since the duals of theories with 
two adjoints are not generally known, we hope that the presence of this algebra may prove 
relevant in their determination. In particular, this algebra must be present in any theory 
with adjoint matter[4], and must be built in terms of the fields in the electric and magnetic 
theories. In particular, the classical algebra SU{2/1) will be present in all theories with 
N = 2 supersymmetry, but since its associated U{1) is anomalous, it may not be directly 
relevant to the study of the quantum moduli space. 

• p = 2. An example is ^ = SO(nc), with nf superfields in the fundamental iic. The 
adjoint is a second rank antisymmetric tensor with dimensión = nc{nc — l)/2, Cr = 1, 
and Cj^ = ric — 2. There may be[l] an infrared fixed point in the renormalization group 
fiow if 

— < < 3 

2 (nc - 2) 

The matter superfields Z¿ have R = 1 — {uc — 2)/nf, the gauge superfield Wa which 
contains the gauge bosons and gauginos has R = l, i,j denote the SO{nc) vector Índices, 
and a the SU{nf) index. With these, one can construct many gauge invariant chiral 
superfields, starting with the Lorentz singlet kinetic term 
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With matter superfields only, we have the flavor-symmetric "mesons" , 

with R = 2 — 2{nc — 2)/nf, and a twice antisymmetric spinor invariant 

Fa[ab] = w'é^Zizi , 

with R = 2{2nf -nc + 2)/nf. 

There is another class of "topological" invariant composites constructed with the flavor 
Levi-Civitá symbol: two bosons, one nc-antisymmetrized composite 

with R = nc{l — (ric — 2)/nf), and one (ric — 4)-antisymmetrized composite 

with R = 2 + (tt-c — 4:){n f — ric + 2) /n f . There is also one topological spinor invariant, the 
(fie — 2)-antisymmetric flavor tensor 



with i? = 1 + (ric — 2){nf — nc + 2) /nj. They are primary invariants[l] . When normalized 
to the mesón invariant, they span a finite-dimensional compact superspace, the superorbit 
space of the theory. 

To build the graded W-algebra associated with this theory, we start with the lowering 
ladder operators 



dzi azi ' 



and their conjugates 

^ab = ZÍZÍ ^ 



which act as raising operators. These transform as the twice-antisymmetrized repesenta- 
tion of the flavor SU (nj), and its conjúgate, with R — ±(nj — nc + 2)/nj . Both annihilate 
the quadratic mesón invariant I^^, which forms a trivial representation of the algebra. 

By acting the raising operator on the puré gauge invariant WW, we genérate the 
fermion invariant j^^j. Another application yields the square of the mesón invariant. 
This is the representation of invariants that always exists. Since it contains the square of 
an invariant, it cannot be viewed as fundamental. It also shows that these ladder operators 
do not commute with the Lagrangian. 

The primary (topological) invariants form a different representation of the superalge- 
bra. We find symbolically that 

the last obtained by symmetry properties. The Lie algebra generators of the global 
SU{nf) X SU{2)l X U{1) x U(l) are generated by 

dZ¡ dW'^ 

These are not unitary, as they act only on the analytic invariants. Under these, the 
fermionic ladder operators transform as expected, 

\rp d /^a6i rd r)cb ^ac 

[Sa^ ] = <QÍ • 

The anticommutator of the raising and lowering operators is more complicated; it contains 
not only a part linear and quadratic in the Lie generators, but also new operators 

+ ^c'U^ad - ^dU^c + ^¡Ut - ^^Kl , 
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where 



^cd — ^ d ^ d ■> 
and 

are the new operators. Their commutators in turn yield higher order operators and so on, 
up to a power related to the number of distinct fermions, in this case, 2nc(nc — 1). 

We have not separated the traces of T^"" and S^a-, which correspond to two Í7(l) 
symmetries. They are present in the underlying gauge theory, but one is anomalous. We 
have not been able to determine algebraically the condition that singles out the relevant 
hnear combination of these two Í7(l)s. 

While comphcated, this algebra may shed some light on the origin of the Seiberg duals. 
The dual of this theory is of the same type with a SO{ñc) gauge group, reprcscntcd by 
the gauge superfield Wa , and ny matter ñelds transforming contragrediently under 
the flavor goup. Thus the same algebra can be constructed out of the tilded fields, with 
the important difference that the flavor properties of the raising and lowering operators 
are interchanged. 

The same primary invariants are built out of the tilded flelds: a ñc-antisymmetric 
flavor tensor 

Anomaly cancellation requires that 

ñc — 2 TT-c — 2 

— + — = 1 , 

Uf Uf 

so that this invariant has exactly the same quantum numbers as I^ai---an -4]' invariant 
that contains two gauge supermultiplets in the original theory. This suggests that duality 
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corresponds to a conjugation of this algebra, interchanging the role of raising and lowering 
operators. 



• p = 3. An example is ^ = E5, with nf chiral superfields transforming as the 27. Since 
= 24 and Cr = 6, and (í = 4, the matter superñelds have Rm = 1 — 4/nj-. The theory is 
asymptotically free as long as < 12, and since the two-loop coefficient is proportional to 
108 — 22nj, it may have an infrared fixed point when ny > 5. The valúes of its anomalies 
are 

< i? >= -30 ; < R-^ >= 78 - ; 

n} 

< RSUÍUff >= -— ; <SU(nff>= 27. 



The lowest invariant that can be built out of the (27, ny) is the symmetric cubic 
invariant, S^''^*-'. We expect it to be present in the dual theory either as a fundamental 
field or as a construct of the fields in the dual theory. Its R valué is 3(1 — 4/nj-). Assume 
that S*^""^*) is a fundamental field of the dual theory; its contributions to the anomalies 
are [5] 
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<R>= \inf + l)(ny + 2)(n; - 6) , 



< i?3 >= ^(uf + l){nf + 2){nf- 6)3 , 
órif 

^ (nf + 2)(nf + 3)(nf-6) 
nf 

o (nf + 3)(nf + 6) 
< SUiuff >=^-^ ^ . 

The only obvious match is when Uf = 6: the anomaly of S^''^*^ is equal 54, with R = 

3(1 — 4/6) = 1, and its fermions do not contribute to three of the global anomalies. On 

the other hand, the excess SU{6)^ anomaly is 27, suggesting that the dual theory is also 

an Eq gauge theory with its 27 transforming as the ñf , with the matter content 

Zr ~ (27,6) and S^""^*) ~ (1,35) , 
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and superpotential 

W = Z^ZgZíS^'"^*) . 

This is exactly the same structure as the self dual point of SO{nc) with nj — 2{nc — 
2). Besides the anomaly matching conditions, there is corroborating evidence from the 
"baryons" of the theory: there is a sixth order composite invariant with mixed flavor 
symmetry[6] 

(27, D)^^^,^). 

For duahty to hold, it must be manufactured equally well by the electric as by the magnetic 
fundamental fields. 

The fields of the magnetic theory transform as the conjúgate flavor representation, 
the same sixth order invariant of the magnetic theory will give six contragredient flavor 
Índices, which can be transformed to six "lower" flavor Índices by means of two Levi-Civitá 
symbols. 

For a larger valué of Uf, say Uf = 7, the same procedure yields a flavor invariant that 
transforms as an eighth order invariant in flavor space. Thus the dual theory for Eq with 
seven flavors must contain the flavor combination given by the Young tablean 

We have not succeeded in flnding this dual. 

The gauge invariant fermionic ladder operator is a third order operator, since in Eq, 
the adjoint representation appears only in the cubic product of 27, with mixed flavor 
symmetry[7] 

where z, j, k are 27 Índices. We can apply this operator to the gauge condénsate and obtain 
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a fermionic chiral superfields 

Another application yields sixth-order invariants. It may be the square of the "mesón" 
field, as in the orthogonal group case, but it most likely contains the independent sixth- 
order "baryon" invariant. 

We can consider more general cases, such as p = 4, an example of which is an SO{10) 
theory with matter in its spinor representation. 
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